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Abstract
We compute the CMB angular power spectrum in the presence of the radiation-like solid with the
same pressure to energy density ratio as for the radiation but with nonzero shear modulus. The
effect can be observable not only for large-angle anisotropies as shown by Balek and Skovran [2015]
but also for very small-angle ones.
1 Introduction
The idea of solid matter in cosmology was used as an attempt to give an alternative explanation
of the acceleration of the universe, see [Bucher, Spergel, 1999] where the dark energy was replaced
by a solid with negative pressure to energy density ratio w. Further development of this theory
[Battye et al., 1999; Leite, Martins, 2011; Battye, Moss, 2006 ; Battye, Moss, 2009; Battye, Moss,
2007; Battye, Pearson, 2013 ; Kumar et al., 2013] included works where inflation is driven by a solid
(solid inflation) [Gruzinov, 2004; Endlich et al., 2013; Akhshik, 2015 ; Bartolo et al., Ricciardone,
2013; Sitwell, Sigurdson, 2013]. An important example of materialisation of such a solid are cosmic
strings and domain walls [Battye et al., 1999; Leite, 2011; Kumar et al., 2013].
The effect of the presence of a solid can be also obtained by any mechanism leading to the
appropriate form of nonzero nondiagonal space components of energy-momentum tensor. One can
for instance consider the Lagrangian L[φ] depending on the fields φA(x), which have the meaning
of internal coordinates of a solid [Endlich et al., 2013; Akhshik, 2015]. As an extension of the
parametric space of the theory one can consider also a solid with positive pressure to energy density
ratio [Balek, Skovran, 2014]. An important special case is the radiation-like solid with w = 1/3,
which does not change the evolution of the unperturbed universe if the total energy density of
radiation and this solid equals the energy density of radiation in the standard case. Materialisation
of such a solid could be a Coulomb crystal with relativistic Fermi gas of moving particles, or a
network of speculative ’spring-like’ strings with energy inversly proportional to their length.
A solid matter affects the evolution of perturbations if it appeared with flat internal geometry
and nonzero shear stress acting in it. Such solidification cannot occur in pure radiation and must be
related to another kind of particles distributed anisotropicaly before the solidification, which could
be perhaps present in the universe as a remnant of solid inflation.
However current observations are well explained by the standard theory including radiation,
baryonic matter, cold dark matter (CDM) and dark energy (in later stages of evolution of the
universe), the future observations could possibly appear not to be fully explained by the standard
theory and some nonstandard theories, including the model presented in this work, may become
relevant.
The effect of the radiation-like solid on the long-wavelength perturbations and coefficients of
angular power spectrum of the cosmic microwave backround (CMB) anisotropies for very low mul-
tipole moments was studied by Balek and Skovran [2015]. Since the sound speed does not appear in
the solution of equations for perturbations in the long-wavelength limit (see (7.69) in [Mukhanov,
2014]), one can suppose the CDM to be coupled to the baryonic matter, if the effect is considered
only for low multipole moments.
In this work we study effects of the radiation-like solid appearing shortly after inflation on
the CMB angular power spectrum not only for low multipole moments, so we must investigate a
model where the CDM and the baryonic matter are decoupled. In the second section we derive
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equations for perturbations in this case, in the third section we summarize effects of the presence
of radiation-like solid on the CMB anisotropies and in the last section we discuss the results. We
use the signature (+,−,−,−) for the metric and units in which c = 1 and 16piG = 1.
2 Equations for perturbations
We will apply scalar perturbation theory to flat Friedmann–Robertson–Walker–Lemaître (FRWL)
universe filled with radiation, baryonic matter and CDM, and add an elastic radiation-like matter
with nonzero shear modulus to it. The presence of the radiation-like solid with the pressure to
energy density ratio w = 1/3, the same as for radiation, does not change the evolution of the
unperturbed universe if the total energy density of all radiation-like components is unchanged.
We will use proper-time comoving gauge [Polák, Balek, 2008] in which the (0, 0)-component of
metric tensor is unperturbed and the shift vector δx is zero for radiation-like solid as well as for all
matter coupled with it. In this gauge the scalar part of metric takes the form
ds(S)2 = a2[dη2 + 2B,idηdx
i − (δij(1− 2ψ)− 2E,ij)dxidxj ],
where a denotes the scale parameter, η is the conformal time and B, ψ and E are the functions
describing scalar perturbations. Considering both radiation and baryonic matter coupled to the
radiation-like solid, the scalar part of energy-momentum tensor is
T
0(S)
0 = ρ+ ρ
b+r
+ (3ψ + E) + δρd, T 0(S)i = ρb+r+ B,i + ρdϑ,i,
T
j(S)
i = −pδji −K(3ψ + E)δji − 2µET,ij + 2Na−1ET,ijη , (1)
where ρ is the total energy density, ρd is the energy density of the CDM, ρb+r is the energy density of
all matter except for the CDM, ρ+ = ρ+p, p is pressure, δρ
d is the perturbation of the CDM energy
density, ϑ,i is the scalar part of the velocity (longitudinal part in Helmholtz decomposition) of CDM
with respect to other matter, K is the compressional modulus of matter, µ is the shear modulus of
the radiation-like solid, N is the shear viscosity coefficient due to coupling of radiation and baryonic
matter before recombination responsible for Silk damping, E = △E and ET,ij ≡ E,ij − (1/3)E,kkδij
is traceless part of the tensor E,ij .
Energy-momentum tensor with nondiagonal spatial components can be obtained (also) from
Lagrangians L[φ] which are invariant under internal rotations and translations [Endlich et al.,
2013; Akhshik, 2015]
φA →MABφB , φA → φA + CA, MAB ∈ SO(3), CA ∈ R3, A = 1, 2, 3,
where the capital indices are raised and lowered by the Euclidean metric δAB. If the object described
by the theory is solid (elastic) matter, the three-component field φA is interpreted as the so-called
spatial internal coordinates which move along the solid matter, so that in the perturbed FRWL
universe we have φA(x) = δAi x
i − δxA(x). The fields δxA(x) which describe the perturbed state of
the solid play the role of Goldstone boson fields in this theory. In the proper-time comoving gauge
these boson fields disappear. An example of Lagrangian leading to the energy-momentum tensor
(1) to the first order in perturbation theory, except for the Silk damping term, is
L = L0 + c1∂µφA∂µφA + (c2δABδCD + c3δACδBD)∂µφA∂µφB∂νφC∂νφD,
where L0 = ρ+ 9(K − ρ+)/8, c1 = (3K − ρ+)a2/4, c2 = (K + ρ+ − 2µ/3)a4/8, c3 = (µ− ρ+)a4/4.
The Silk damping term is obtained from the expression of energy-momentum tensor for an imperfect
fluid.
For the variables ψ, E , B, δρd and ϑ we have five equations derived from the components of
Einstein field equations and the energy-momentum conservation law, 2G 0i = T
0
i , 2G
0
0 = T
0
0 ,
T µi ;µ = 0 for all matter except for the CDM and the CDM respectively and T
µ
0 ;µ = 0 for the
CDM; in the first order of the perturbation theory in the case when the internal geometry of the
radiation-like solid is flat. The functions B, δρd and ϑ are not defined uniquely, because the proper-
time comoving gauge allows for a residual transformation η → η + a−1δt(x), where δt(x) is a local
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shift of the moment at which the time count starts. The function E is invariant under this residual
tranformation and B, ψ, CDM energy density contrast δ = δρd/ρd and ϑ can be rewriten as
B = B + χ, ψ = −Hχ, δ = δˆ − 3Hχ, ϑ = ϑˆ+ χ,
where χ transforms as χ→ χ+ a−1δt(x) and B, δˆ and ϑˆ are invariant.
It is convenient to introduce a new time ζ = η/η∗, where η∗ = ηeq/(
√
2 − 1) and ηeq denotes
the moment when the energy density of matter is equal to the energy density of radiation. When
the contribution of dark energy to the total energy density is negligible, which is the case before
recombination, the scale parameter a can be written in terms of ζ as a = aeqζ(ζ+2). The invariant
combinations of equations for perturbations of the form of a plane wave with the comoving wave
vector k are
E ′ = −(s2 + 3α1H˜2)B˜ − α1H˜E − 3α2H˜2θ − α2H˜δˆ, (2)
B˜′ = (3c2s0 + α1 − 1)H˜B˜ + c2s||E + α2H˜θ + σE ′, (3)
θ′ = α1H˜B˜ + (α2 − 1)H˜θ, (4)
δˆ′ = E ′ + s2B˜ − s2θ, (5)
where the prime denotes differentiation with respect to ζ, B˜ = B/η∗, θ = ϑˆ/η∗, s = kη∗, α1 =
3ρb+r+ /(2ρ), α2 = 3ρ
d/(2ρ), H˜ = a−1da/dζ, σ = 4N/(3aρb+r+ η∗), cs0 is the auxiliary sound speed
and cs|| the longitudinal sound speed. The two sound speeds are defined as
ρb+r+ c
2
s0 = K, c
2
s|| = c
2
s0 +
4
3
µ
ρb+r+
= (1 + 3ξ)c2s0,
where ξ is the dimensionless shear stress parameter defined as
ξ ≡ µ
ρr
,
and ρr denotes sum of energy densities of radiation and radiation-like solid. Equations (2)-(5) are
generalization of (4) in [Balek, Skovran, 2015], valid in long-wavelength limit.
Instead of the proper-time comoving gauge, one often uses Newtonian gauge in which the scalar
part of space-time metric is diagonal. Metric in the Newtonian gauge can be described by two
potentials invariant under coordinate transformations, Φ, called Newtonian potential, and Ψ, as
g00 = a
2(1 + 2Φ) and gij = −a2(1− 2Ψ)δij . The functions Φ and Ψ can be rewritten as
Ψ = H(B − E′), Φ = Ψ− µa2E,
where the difference between Φ and Ψ is given by the traceless part of 2G ji = T
j
i . The physical
CDM energy density contrast δ¯ and function ϑ¯ describing scalar part of the relative physical velocity
of the CDM with respect to the rest of the matter used in Newtonian gauge are
δ¯ = δˆ + 3H(B − E′), ϑ¯ = ϑˆ+ B − E′.
Another useful relation,
δρ
b+r
= ρb+r+ (3Ψ + E), (6)
is valid also for baryonic matter and radiation including solid separately.
3 CMB power spectrum
The CMB anisotropies are given by fluctuations of radiating matter density at the time of last
scattering and effects influencing photons during their propagation to the observer. Considering
the Sachs–Wolfe effect, Doppler effect and the finite thickness effect, the relative fluctuations of the
CMB temperature can be written as
δT
T
(η0, l) =
∫
d3k
(2pi)3/2
[(
α(k) + β(k)
∂
∂η0
)
ηr
eik·l(ηr−η0)
]
e−Σk
2
, (7)
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where l is the unit vector pointing from the place on sky from which the radiation is coming
towards the observer, η0 and ηr denote the conformal time today and at the time of recombination
respectively, Σ ≡ (6κ2H(ηr)2)−1, κ being the ratio of the ionization energy of the 2S state of the
hydrogen atom and the energy kBTr corresponding to the temperature of recombination Tr (see
§3.6.3 in [Mukhanov, 2014]), and α(k) and β(k) are defined as
α(k) =
1
4
δγk +Φk, β(k) = − 3
4k2
∂δγk
∂η
,
where according to (6), δγ = 4(Ψ+E/3). By Φk and the invariant radiation energy contrast δγk we
denote amplitudes of corresponding perturbations as plane waves, which are functions only of the
conformal time η. We have omitted the integrated Sachs–Wolfe effect here, since its contribution
for high multipole moments is negligible and for low multipole moments it was computed by Balek
and Skovran, [2015].
Relative anisotropies in the CMB temperature can be expanded into spherical harmonics, with
the coefficients that can be written as scalar product of the anisotropy with spherical harmonics.
δT
T
(η0, l) =
∑
lm
almYlm(l), alm =
∫
d2l
δT
T
(η0, l)Y
∗
lm(l). (8)
Since the CMB anisotropies are random, the coefficients alm are random as well. In order to
compare the theory with the observed data, correlation functions must be introduced. The two-
point correlation function is defined as C(ϑ) ≡ 〈T−2δT (η0, l1)δT (η0, l2)〉, where ϑ is the angle
between l1 and l2 and the brackets 〈 〉 denote averaging over observer’s position. This function can
be written as a sum over multipole moments,
C(ϑ) =
1
4pi
∑
l
(2l+ 1)
〈|alm|2〉Pl(cosϑ),
where Cl =
〈|alm|2〉 are the coefficients of the angular power spectrum of CMB and Pl are Leg-
endre polynomials. The mean values
〈|alm|2〉 are independent on m because there is no preferred
direction in the universe, but for the given observer there exists statistical randomness of the CMB
anisotropies, so that the observed |alm|2 are not equal for all m for the given multipole moment l.
The best estimate of the values of coefficients of angular power spectrum is then given by averaging
Cl =
1
2l+ 1
l∑
m=−l
|alm|2,
with an unavoidable error known as the cosmic variance
∆Cl
Cl
=
√
2
2l+ 1
.
Using (7) and (8) we find
Cl =
〈|alm|2〉 = 2
pi
∞∫
0
τl(k)
2(2pi)3PΦ(k)k2dk, (9)
τl(k) ≡
[
α(k)
Φ
(0)
k
jl(k(η0 − ηr)) + β(k)
Φ
(0)
k
∂
∂η0
jl(k(η0 − ηr))
]
e−Σk
2
,
where jl are spherical Bessel functions of the first kind and the function of the comoving wavenumber
PΦ(k) known as power spectrum is defined by〈
Φ
(0)
k
Φ
(0)
k′
〉
= (2pi)3δ(3)(k+ k′)PΦ(k).
The function τl(k) is called transfer function. It depends only on the comoving wavenumber k and
not on the direction of the vector k because the equations governing the evolution of perturbations
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are isotropic. The power spectrum is usually written as PΦ(k) ∝ kns−4 where ns is the spectral
index given by inflationary models. The variance of the coefficients of angular power spectrum due
to presence of the radiation-like solid is defined as
∆ξCl
Cl
≡ Cl(ξ)− Cl
Cl
,
where Cl and Cl(ξ) are the coefficients of angular power spectrum without the presence of the
radiation-like solid and with its presence respectively. The values of ∆ξCl/Cl are compared with
the cosmic variance for the Planck values of cosmological parameters in Figure 1. The graph was
plotted with the use of integral (9) where α(k) and β(k) were calculated by solving differential
equations (2)-(5) numericaly for ξ = 10−4. Calculation of ∆ξCl/Cl for different values of shear
modulus parameter ξ revealed that for high multipole moments ∆ξCl/Cl can be well approximated
as a linear function of ξ. The presence of the radiation-like solid can be confirmed by observations
only if |∆ξCl/Cl| & |∆Cl/Cl|, which can be satisfied not only for very low multipole moments, as
shown by Balek and Skovran [2015], but also for very high ones.
Fig. 1: The coefficients of angular power spectrum variance due to presence of the radiation-like
solid with ξ = 10−4 (dots) exceed the cosmic variance (dashed line) for very low multipole moments
(l < 3, if the integrated Sachs–Wolfe effect is not included) and also for some very high (l & 3000)
ones (horizontal axis). We have used kmin = 0.01/η∗ as the lower limit of integral (9). For the
vertical axis we have used logarithmic scale for positive and negative values separately and for the
horizontal axis we have combined logarithmic scale (for l up to 1000) with ordinary scale (l over
1000). The grey area represents the sector which is beyond the reach of curent observations
Due to the Silk damping, frequency and amplitude of oscillating functions of the wavenumber
α(k)/Φ
(0)
k
and β(k)/Φ
(0)
k
depend on the wavenumber and, therefore, angular power spectrum vari-
ance ∆ξCl/Cl behaves differently in different multipole moment sectors. This is the reason why
oscillations of ∆ξCl/Cl shown in Figure 1 change qualitatively for l ≈ 5500.
Note that C2(ξ) diverges due to the contribution of the long-wavelength part of transfer-function
τ2(k) to the integral (9). Because of finite duration of inflation, the wavelength of the quantum
fluctuations did not increase to infinity and the long-wavelength part of transfer-function actually
does not contribute to this integral. Hence no divergence occures and integral (9) must be computed
with nonzero lower limit kmin. The value of kmin can be estimated as kminη0 ∼ eNmin−N where N
is the number of e-folds during inflation and Nmin is the minimal value of N needed to homogenize
the universe at the scale of the Hubble radius. This cutoff affects only the lowest coefficients of the
angular power spectrum.
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4 Conclusion
We have applied perturbation theory in the proper-time comoving gauge to a universe filled with
radiation, baryonic matter and CDM, and considered the presence of a radiation-like solid with
pressure to energy density ratio w = 1/3 and constant shear modulus to energy density ratio ξ.
The presence of such a solid does not change the evolution of the unperturbed universe. In order
to obtain results also for short-wavelength perturbations, we had to extend the theory developed
by Balek and Skovran [2015] and consider the CDM not coupled with the baryonic matter, which
leads to more complicated equations.
We have calculated effects of the radiation-like solid on the CMB angular power spectrum. Its
presence may have a significant effect on it not only for very low multipole moments, as shown by
Balek and Skovran [2015], but also for very high ones. For ξ ∼ 10−4, the effect can be observable
for l & 3000, while according to Balek and Skovran [2015] the large-angle anisotropies are not
affected significantly. They considered also the integrated Sachs–Wolfe effect, which is not included
in this work, because it affects the angular power spectrum significantly only for the low multipole
moments. Our model is in agreement with current observations for appropriate values of the shear
modulus coefficient ξ while causing effects not predicted by standard theory, which are beyond the
reach of current observations.
Since the number of affected coefficients of the CMB angular power spectrum for very high
multipole moments surpass their number for low multipole moments, future observations of the CMB
anisotropies having appropriate resolution could confirm or refute the presence of the radiation-like
solid with much greater certainty than it is possible to do today.
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